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Abstract
An electron motion in a dense neutrino flux is investigated. The Dirac equation exact solu-
tions for the electron energy and wave function in this external environment are obtained.
On this basis we predict the existence of an electromagnetic radiation that can be emitted
by electrons in dense neutrino fluxes. We term this phenomenon “the spin light of electron
in dense neutrino flux” (SLeν). The main properties of the SLeν are studied. We argue
that the SLeν in dense neutrino fluxes should have important consequences in astrophysics
and for supernovae processes in particular.
1. Introduction
The problem of neutrino propagation and interactions in dense external environments
is one of the most important issues of the present-day particle physics. Neutrinos play
an important role in very complex and physically diverse processes as of core-collapse
supernovae that provides fascinating playground for new or exotic phenomena. A detailed
review on supernova mechanisms is given in [1], a discussion on some of the progress that
has been made recently in the simulations of stellar core-collapse and supernova explosions
can be also found in [2].
The physical processes that lead from stellar core-collapse to supernova explosion pro-
vide an extremely important and interesting astrophysical application of the discussed
problem of neutrino interactions in external environments. Under the influence of the
extreme external conditions, such as dense matter and strong magnetic fields, neutrinos
can manifest their yet hidden fundamental properties that might open a window to new
physics.
Recently studies of neutrino electromagnetic properties (see [3–5] for a review) have
revealed a new mechanism of electromagnetic radiation that can be emitted by a neutrino
propagating in dense matter termed the spin light of neutrino in matter (SLν) [6]. At first
the SLν was investigated within the quasi-classical treatment (see also [7, 8]) based on
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use of the generalized Bargmann-Michel-Telegdi equation for the neutrino spin evolution
in the background environment [9, 10].
The quantum theory of the SLν was first revealed in our studies [11, 12] ( see also
[13]) within implication of the so called “method of wave equations exact solutions” that
implies use of exact solutions of modified Dirac equations that contain the corresponding
effective potentials accounting for the matter influence on neutrinos [11, 12, 14–19]. Differ-
ent aspects related to the proposed the SLν have been discussed and investigated recently.
For instance, the importance of the plasma influence on the proposed new mechanism of
electromagnetic radiation as well as corrections to the effective matter density due to non-
locality of neutrino interaction with particles of the environment have been considered in
the subsequent series of papers dedicated to the SLν (see [20–22]). The SLν mechanism
was also considered for the case when in addition to matter a gravitational field is also
present [8], or the model describing neutrino interactions with the environment permits of
the Lorentz and CPT invariance violation [23].
The main properties of the SLν are summarized [16] in the following way: 1) a neutrino
with nonzero magnetic moment when moving in dense matter can emit electromagnetic
waves; 2) the SLν radiation rate and power depend on the neutrino magnetic moment
and energy, and also on the matter density; 3) for a wide range of matter densities the
radiation is beamed along the neutrino momentum; 4) the emitted photon energy is also
essentially dependent on the neutrino energy and matter density; 5) in the most interesting
for possible astrophysical and cosmology applications case of ultra-high energy neutrinos,
the average energy of the SLν photons equals a reasonable part of the initial neutrino
energy so that the SLν spectrum can span up to gamma-rays.
In spite of the listed above notable properties of the SLν its possible role and impact in
astrophysical processes is constraint due to the fact that the rate of the process is propor-
tional to the neutrino magnetic moment squared that is in fact a very small quantity for
the most of theories beyond the Standard Model (see, for instance, [3]). Other constraints
on possible visualization of the SLν are imposed by the mentioned above effects of the
background plasma.
To avoid the suppression of the radiation produced by the spin light mechanism we
considered the electromagnetic radiation by an electron moving in matter (the “spin light
of electron in matter”, SLe). From the order-of-magnitude estimation [14], we predicted
that the ratio of rates of the SLe and the SLν in matter is
R =
ΓSLe
ΓSLν
∼ e
2
ω2µ2
, (1)
that gives R ∼ 1020÷1014 for the value of the neutrino magnetic moment µ ∼ 10−11µ0 and
the predicted wide range SLe photon’s energies ω ∼ 5 MeV ÷5 GeV . This estimation was
confirmed by the direct evaluation [24] of the SLe properties based on the exact solutions
of the modified Dirac equation for the electron in matter. Thus, we expect that in certain
cases the SLeν in matter would be more effective than the SLν. However, the possibility
of phenomenological consequences of the SLe in astrophysics is quite not obvious.
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In this Letter we continue studies of the spin light mechanism of electromagnetic radi-
ation in a dense environment and consider a new possible realization of this mechanism.
The predicted new mechanism implies the electromagnetic radiation emitted by an elec-
tron in a dense flux of ultra-relativistic neutrinos. We term this mechanism “the spin
light of electron in dense neutrino fluxes”, SLeν . This new realization of the spin light
provides a possibility to avoid two suppression factors in the radiation rate and power, the
discussed above suppression due to smallness of a neutrino magnetic moment and one due
to the plasma effects. We predict that this new realization of the spin light mechanism can
have visible consequences for different astrophysical settings, for stellar core-collapse and
supernova explosion phenomenology in particular.
2. Modified Dirac equation
Consider a neutrino flux propagating through medium composed of different particles
like electrons, protons and neutrons. This situation can be found in various astrophysical
settings, for example, in supernovae. In our approach we suppose that the neutrino flux is
described by a set of macroscopic parameters (namely, the particles average values of speeds
and polarizations and number densities). We also assume that this kind of astrophysical
medium is composed of three neutrino flavors (νe, νµ and ντ ) forming three independent
fluxes moving in the same direction. The generalization of our consideration for the case
when the antineutrino fluxes are also present is straightforward.
Let us now investigate the behavior of an electron in a dense medium composed of neu-
trinos of different flavors. Within a set of assumptions listed above an effective Lagrangian
describing interaction of the electron with fluxes of different flavour neutrinos is [11, 12]
L =
∑
i=e,µ,τ
e¯γν
ǫi(1 + γ
5)− 4 sin2 θW
2
ef νi , (2)
where ǫi = −1 for i = e and ǫi = +1 for i = µ, τ . Each of the flavour neutrino νi fluxes is
characterized by the neutrino matter potential
f
µ
i = G(ni, nivi), (3)
where the neutrino number densities ni in the rest frame of the electron are determined by
the corresponding invariant number densities n0i in the rest frame of the particular flavour
neutrino flux,
ni =
n0i√
1− v2i
, (4)
vi is the average speed of the flavour neutrino in the flux. Here G =
GF√
2
, and GF is the
Fermi constant.
We suppose that all flavour neutrino fluxes have the same speed, vi = v, and introduce
the average value n of the neutrino number densities and the parameter δe,
n =
ne + nµ + nτ
3
, δe =
nµ + nτ − ne
n
. (5)
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Using these notations we rewrite the effective Lagrangian (2) in the form,
L = e¯γµ c+ δeγ
5
2
efµ, (6)
where fµ = Gn(1, v) is the effective neutrino potential and c = δe − 12 sin2 θW . For the
relativistic neutrinos v ≃ 1, and the effective neutrino potential is
fµ = G(n, 0, 0, n). (7)
From here we suppose that the neutrino flux propagation is relating to the direction of an
axis z.
From the Lagrangian (6) one gets the following modified Dirac equation for an electron
in the relativistic neutrino flux,
{γµpµ + γµ c+ δeγ
5
2
fµ −m}Ψ(x) = 0, (8)
here m and pµ are the electron mass and momentum.
3. Exact solution and kinematics
In the considered case of a relativistic neutrino flux (v ∼ 1) Eq. (8) with the matter
potential given by Eq. (7) can be solved exactly. Performing evaluations similarly to
those described in [11], we get the energy spectrum of an electron in the presence of the
relativistic neutrino flux (8),
Eεs(p) = ε
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c− sδ))2 − Gn
2
(
c− sδ), (9)
where δ is the absolute value of δe, p3 is the electron momentum in the direction of the
neutrino flux propagation and p =
√
p23 + p
2
⊥ is the total electron momentum. The value
ε = ±1 corresponds to the positive and negative frequency solutions (for the electron
ε = +1).
The energy spectrum (9) also contains the second integer number s = ±1. Comparing
Eq. (9) with corresponding spectra of an electron [24] or neutrino [11, 12] in nonmoving
matter we conclude that the number s = ±1 distinguishes two possible electron spin states.
Thus we see that the obtained spectrum branches are classified by both the frequency
sign ε = ±1 and the spin sign s = ±1 without explicit introduction and using of the
spin operator. Two particular electron energy branches Eεs(p)|ε=+1 = Es(p) with s = ±1 as
functions of the momentum p are plotted in Fig. 1. It is clearly seen that two corresponding
curves have no common points that means there are no energy states with “undefined”
spin.
It follows from Eq.(9) that for the electron (ε = +1) there are two different spin
states with the same momentum p. It is interesting to note that the energy of the state
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characterized by s = +1 always exceeds the energy of the state with s = −1 for the fixed
value of the electron momentum p. Indeed, from Eq.(44) of Appendix we get
E+(p)− E−(p) =
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c− δ))2− (10)
−
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c + δ
))2
+Gnδ > 0, (11)
thus it is always E+(p) > E−(p).
0
E
p3−Gn
2
(c+ δ) −Gn
2
(c− δ)
E−
E+
E = p3
Figure 1: The dependence of the electron energies in two different spin states, E+(p) and E−(p), on
electron momentum component p3.
The modified Dirac equation (8) can be solved exactly. For the electron in s = +1 spin
state the wave function can be found in the following form,
ψi(r, t) =
1
L
3
2C+
ei(−E+t+pr)


0
m
p⊥e−iφ
E+ − p3

 , (12)
and in s = −1 spin state the wave function is
ψf (r, t) =
1
L
3
2C−
ei(−E−t+pr)


E− − p3
−p⊥eiφ
m
0

 , (13)
where L is the normalization length, C+ and C− are normalization coefficients given by
C± =
√
m2 + p2⊥ + (E± − p3)2. (14)
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4. Spin light of electron in dense neutrino flux
Using the “method of exact solutions” [14–16] we consider the radiative transition of
an electron with emission of a photon (plasmon) in the presence of the relativistic flux of
neutrinos. This process we term the spin light of electron in dense neutrino flux (SLeν). In
the first order of the perturbation theory the Feynman diagram of the process (see Fig. 2)
is the one-photon emission diagram with the bold electron lines denoting the exact account
for interaction of electrons with the neutrino background .
e
e
γ
Figure 2: The Feynman diagram of the radiation by the electron in the neutrino flux.
The element of S-matrix defining the process amplitude is given by (see also [24]):
S
(λ)
fi = −e
√
4π
∫
d4xψ¯f (x)(γe
(λ)∗)
eikx√
2ωL3
ψi(x), (15)
where e is the electron charge, ψi(x) and ψf (x) are the wave functions of the initial and
final electrons in the background neutrino flux, and k = (ω,k) and e(λ) (λ = 1, 2) are
the momentum and polarization vectors of the emitted photon. The considered radiative
process is a quantum transition between two electron spin states with emission of a photon.
It can proceed because the condition E+ > E− is fulfilled.
Consider the case when the relativistic flux of neutrinos is propagating through a shell
of electrons that are at rest. This can be used as a model of real situations peculiar for
astrophysical settings.
The electron rest frame in moving background is defined as one where the electron
energy E+ gets its minimum. This means that the electron de Broglie wave group velocity
is vanishing, ∂E+
∂p
= 0. This condition, accounting for the initial electron energy given by
Eq. (9), is provided in case the following relations are fulfilled,
p3 = −Gn
2
(c− δ), p⊥ = 0. (16)
It can be seen that in the background matter the minimum of the electron energy corre-
sponds to a non-zero value for its momentum 3. For the case of a supernova environment
Gn
m
∼ 10−8 therefore most naturally electrons can be considered as nonrelativistic particles.
3This phenomenon was discussed in [11, 25–27].
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Performing integration over time and the spatial coordinates in Eq. (15) we recover the
δ-functions providing the law of energy-momentum conservation for the considered process
and the following relations are straightforward (the primed quantities describe the final
electron state):
E+(p) = E
′
−(p
′) + ω,
−Gn
2
(c− δ) = p′3 + ω cos θ,
0 = p′⊥ + ω sin θ,
(17)
where θ is the angle between the direction of the SLeν radiation and neutrino flux propa-
gation.
0
v
Figure 3: The angular dependence of the photon energy for different neutrino flux densities m
Gnδ
= 1
(dotted), m
Gnδ
= 4 (dashed) and m
Gnδ
= 10 (solid), v indicates the direction of the neutrino flux.
The emitted photon energy can be obtained as the only solution of Eqs. (17),
ω =
m
1− cos θ + m
Gnδ
. (18)
From Eq. (18) it follows that in general the emission is possible in all directions. The
angular dependence of the photon energy for different neutrino flux densities is shown in
Fig.3 . For the most realistic case, when Gnδ ≪ m, the photon energy simplifies to
ω = Gnδ. (19)
Thus, for an initial charged particle with rather large mass or for the case of the background
environment with enough small density the emitted photon energy does not depend on the
direction of radiation and is determined only by the density of the environment.
Using expressions for the amplitude (15), the wave functions of the initial (12) and final
(13) electrons, and for the photon energy (18) for the SLeν in the neutrino flux rate and
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power we get,
Γ =
e2
2
m
pi∫
0
(1− cos θ)2
(1− cos θ + a)3 sin θ dθ, (20)
I =
e2
2
m2
pi∫
0
(1− cos θ)2
(1− cos θ + a)4 sin θ dθ. (21)
where the parameter
a =
m
Gnδ
(22)
is used. Further integration over the angle θ gives the closed expressions for the radiation
rate
Γ =
e2
2
m
[ 2
a2
− 2
a
+ ln(1 +
2
a
)
]
, (23)
and power
I =
4
3
e2m2
1
a3(a + 2)
. (24)
Much simpler expressions can be obtained in the three limiting cases,
a≫ 1, Γ = 4
3
e2m
(Gnδ
m
)3
, I =
4
3
e2m2
(Gnδ
m
)4
,
a ∼ 1, Γ = ln 3
2
e2m, I =
4
9
e2m2,
a≪ 1, Γ = e2m
(Gnδ
m
)2
, I =
2
3
e2m2
(Gnδ
m
)3
.
For most of astrophysical environments Gn≪ m and the case (a≫ 1) is realized.
From the angular distribution of the SLeν given by Eq.(21) one can estimate the ratio
of the radiation power emitted in the forward and backward directions in respect to the
neutrino flux propagation,
Iforw
Iback
=
pi
2∫
0
(1− cos θ)2 sin θ dθ
pi∫
pi
2
(1− cos θ)2 sin θ dθ
=
1
7
. (25)
Therefore, a fraction of about 1
8
of the total SLeν radiation power is emitted in the forward
direction (see also Fig. 4).
So that at the space around the supernova core an entire layer (characterized by an
overall distance R = 10 km from the star centre) can emit electromagnetic waves with the
photon energy decreasing with the increase of the distance from the centre.
8
0v
Figure 4: The angular distribution of the SLeν radiation power given by Eq.(21), v indicates the direction
of the neutrino flux.
5. Polarization properties
Consider the polarization properties of the discussed SLeν radiation. We define two
linear polarization vectors e(1) and e(2) relative to the plane determined by two vectors
κ = (sin θ cosφ, sin θ sinφ, cos θ) and ez = (0, 0, 1). The vector e
(1) is perpendicular to this
plane and e(2) is parallel to it,
e(1) =
[κ× ez]√
1− (κez)2
= (sinφ,− cosφ, 0), (26)
e(2) =
[κ× e(1)]√
1− (κez)2
= (cos θ cosφ, cos θ sin φ,− sin θ). (27)
Decomposing the SLeν transition amplitude (15) in contributions from the photons of the
two linear polarizations, determined by the vectors e(1) and e(2), we get
|S(1)fi | = |S(2)fi |. (28)
Thus, the SLeν radiation rate and power are equally distributed between the two emitted
photon linear polarizations.
6. Effect of initial electron motion
The properties of the considered SLeν are influenced by possible motion of the initial
electron. In particular, the emitted photon energy can be significantly shifted from the
value given by Eq.(18) if the initial electron is moving.
Consider the case when the initial electron moves with the momentum given by
p3 = −Gn
2
(c− δ) + p˜3, p⊥ = 0, (29)
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here p˜3 describes the deviation of the third component of the initial electron momentum
p3 from its value (16) at rest. It is also supposed that the final electron is at rest. In case
the initial electron moves along the neutrino flux propagation (p⊥ = 0) the emitted photon
energy is given by
ω =
√
m2 + p˜23 − p˜3
1− (1 + p˜3
Gnδ
) cos θ +
√
( p˜3
Gnδ
)2 + ( m
Gnδ
)2
. (30)
Note that the radiation photon energy in the forward direction (θ = 0) does not depend
on p˜3 and again ω is given by Eq.(19). On the contrary, the radiation photon energy in
the backward direction (when θ = π) is strongly dependent on p˜3 (see Fig. 5).
In the case the initial electron is moving against the neutrino flux (p˜3 < 0) we get
ω =
√
m2 + p˜23 + |p˜3|
2− |p˜3|
Gnδ
+
√
( p˜3
Gnδ
)2 + ( m
Gnδ
)2
. (31)
For big enough values of p˜3, for instance when |p˜3| ≫ m and also even |p˜3Gnδ| ≫ m2,
there is a reasonable increase of the emitted photon energy in respect to Eq.(19),
ω = 4
( p˜3
m
)2
Gnδ. (32)
For example, if |p˜3| ∼ 100 m then the photon energy is ω ∼ 4 · 104 Gnδ.
0
v
Figure 5: The photon energy angular dependence for a fixed neutrino flux density m
Gnδ
= 10 and different
electron momenta: p˜3
m
= 0.1 (dotted line), p˜3
m
= 1 (dashed line) and p˜3
m
= 3 (solid line), v indicates the
direction of the neutrino flux.
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7. Effect of plasma
It is well know that in general the electromagnetic wave propagation in the background
environment is influenced by the plasma effects. For the case of spin light of neutrino in
matter these effects have been discussed in details in [12, 20, 21]. In the above considera-
tions of the SLeν an effect of possible nonzero emitted photon mass has been neglected.
Now consider the effect of nonzero emitted photon mass (the plasmon mass mγ). The
kinematic condition for the SLeν in this case is as follows,
− Gn
2
(c− δ) +
√
p˜23 +m
2 > −Gn
2
(c+ δ) +m+mγ. (33)
After simplification this conditions reads
p˜23 > 2m(mγ −Gnδ). (34)
If mγ < Gnδ the process is opened for arbitrary values p˜3 of the initial electron including
the case when the initial electron is at rest.
In the nonrelativistic classical plasma mγ = ωp =
√
4pie2Ne
me
, where Ne is the electron
number density in the plasme. Thus, if the electron number density Ne is relatively small
the kinematic condition (34) is fulfield. In the case mγ
Gnδ
≪ 1 the effect of the plasmon mass
is not important. The latter conditions can be realized at a distance of about R > 10 km
from a supernova centre where Ne < 10
19 cm−3.
The Debye screening of electromagnetic waves is another plasma effect that could be
important for the SLeν radiation propagation in an environment. Only photons (plasmons)
with energy exceeding the plasmon frequency
ω > ωp (35)
can propagate in the plasma. This sets an upper bound for the electron number density
in the cloud,
Ne <
ω2me
4πe2
, (36)
providing possibility for the SLeν propagation. Substituting the corresponding values of
ω one gets Ne < 10
21 cm−3. Thus, the electron matter with Ne ∼ 1019 cm−3 considered
above is quite transparent for the SLeν .
8. Conclusion
The supernova phenomenon, that is the most energetic event in the Universe, provides
a very promising environment for of the proposed new scheme of the spin light radiation,
SLeν , applications.
Although there are still opened issues in understanding of the supernova mechanism,
the two well confirmed main components of it are the following [1, 2]: (i) the collapse of the
core under gravity, (ii) the supernova explosion. The second is of particular interest in the
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context of the presented studies because it is accompanied by the neutrino burst. According
to the present understanding of the phenomenon (see, for instance, [28]), practically all
gravitational binging energy stored in the star (about 99%) is emitted in the form of a dense
neutrino flux that penetrates surrounding interstellar medium. Under these conditions the
neutrino flux can be considered as a continuum moving at a speed close to the speed of
light.
Consider this flux of the ultra-relativistic neutrinos propagating through medium that
contains a reasonable amount of electrons. In this case the exact solution for the electron
energy spectrum is given by Eq.(9) and the spin light of electrons can be emitted in
the quantum transition of an electron from the state with the energy E+ to the state
characterized by E ′−. Note that the transition from the electron state characterized by
s = −1 to the state with s = +1 is not possible for any values of the initial p and final
p′ momenta because in this case the energy-momentum conservation equations system,
similar to Eq. (17), has no nonzero solution.
The emitted photon energy, Eq.(18), is determined by the effective neutrino number
density n and neutrino flux composition given by Eq.(5). In order to get the SLeν rate
and power let us estimate the effective neutrino number density n for the ultra-relativistic
neutrino flux from a supernova.
The neutrino luminosity at the level of Lν ∼ 1053 ergs have been predicted by the
recent supernova simulations [29, 30]. The same order of magnitude estimations, Lν ∼
1052 − 1053 erg s−1, have been obtained [31] for the ν¯e luminosity with the average energy
〈Eν¯e〉 ∼ 12− 14 MeV from the K2 and IBM experimental data. The neutrino luminosity
at a distance R from the center of a supernova is determined by
L ∼ 〈E〉JR2, (37)
where 〈E〉 is the average neutrino energy in the flux, J is the neutrino flux density. For
〈E〉 ∼ 107 eV and R ∼ 106 cm we find J ∼ 1045 cm−2s−1. The neutrino flux density
is proportional to the neutrino number density in the flux, J = nv, where v ∼ 1 for the
ultra-relativistic neutrino flux. From this we obtain the neutrino number density in the
rest frame of the electron,
n ∼ 1035 cm−3. (38)
The same value for n is used in [32] for the ν¯e number density near the neutrinosphere of
the supernova.
Taking into account (38), we get that Gn
m
∼ 10−8. Thus, from Eq. (19) it follows for he
SLeν photon energy
ω ∼ 1 eV. (39)
From (23) and (24) we also find for the SLeν rate and power
Γ ∼ 10−19 eV ∼ 10−4 s−1, I ∼ 10−7eV s−1. (40)
The corresponding characteristic time of the SLeν process is rather big, τ ∼ 104s. It means
that SLeν from a single electron is hardly observable.
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It is interesting to consider a collective effect of the SLeν radiation from a cloud of
electrons in space around a supernova core. In [2, 29] it is shown that there could be regions
with reasonably high electron density. Thus, if the neutrino flux propagates through such
electron-rich clouds the SLeν effect can be increased.
At the distance R = 10 km from the star center the electron number density can be of
order ne ∼ 1019 cm−3. In this case the amount of SLeν flashes per second from 1 cm3 of
the electron matter under the influence of a dense neutrino flux is N ∼ 1015 cm−3 s−1. For
the energy release per one second of 1 cm3 of the considered electron-reach matter under
the influence of a dense ultra-relativistic neutrino flux we get
δE
δtδV
∼ Nω ∼ Ine ∼ 1013 eV cm−3 s−1. (41)
It is possible to estimate efficiency of the energy transfer from the total neutrino flux to
the electromagnetic radiation due to the proposed SLeν mechanism. The “energy content”
of the neutrino flux can be characterized by the product of the mean value of the neutrino
energy and neutrino number density 〈E〉n. The corresponding energy characteristics of
the SLeν radiation is given by ωNe. Thus, for the SLeν luminosity we get the following
estimation
LSLe ∼ ωNe〈E〉nLν ∼ 10
31 erg s−1 (42)
for the following choice of values Lν ∼ 1053 ergs , ω ∼ 1 eV , Ne ∼ 1019 cm−3, n ∼ 1035 cm−3
and 〈E〉 ∼ 107 eV .
It is interesting to note that the SLeν luminosity can be drastically increased in the
case when the emitting electrons are moving with relativistic speed against the neutrino
flux propagation. As it follows from Eq.(32), the energy of the SLeν photons also increases
in this case. We predict that this should have important consequences in astrophysics and
for the supernova process in particular.
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10. Appendix
Here we show that E+(p) > E−(p) where the energy of the electron in the relativistic
neutrino flux Es(p) = E
ε
s(p)|ε=+1 is given by Eq. (9). From Eq. (9) we get the estimation∣∣∣∣∣
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c+ δ
))2 −
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c− δ))2
∣∣∣∣∣ =
=
2Gnδ
∣∣p3 + Gn2 c∣∣√(
m2 + p2⊥ + p3 +
Gn
2
(
c+ δ
))2
+
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c− δ))2
<
<
2Gnδ
∣∣p3 + Gn2 c∣∣∣∣p3 + Gn2 c+ Gn2 δ∣∣+ ∣∣p3 + Gn2 c− Gn2 δ∣∣ . (43)
Taking into account the following simple inequality
|x|∣∣x+ |y|∣∣+ ∣∣x− |y|∣∣ =


1
2
, x ≥ |y|
1
2
|x|
|y| , −|y| < x < |y|
1
2
, x ≤ −|y|

 ≤
1
2
, (44)
finally we find that
∣∣∣
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c+ δ
))2 −
√
m2 + p2⊥ +
(
p3 +
Gn
2
(
c− δ))2∣∣∣ < Gn, (45)
and validity of Eq. (10) is just straightforward.
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